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Homework 4
Due 5pm, Thursday, April 25, 2024

Problem 1: Gaussian expectations for matriz Bernstein. Let Z ~ N (0, I5xq). Show that

Amax (E[|Z]?Z27]) = 2 +d.

Hint. Note that if Z = [Z1,...,2Z4]T, then E[Z1] =0, E[Z?] = 1, E[Z}] = 0, E[Z}] = 3, and

d
(El|Z|P227),; = Y ElZ;ZiZj],  fori,je{l,....d}.
k=1

q)NXd

Problem 2: FExercise with Pseudo-inverse. Let and let ® be the pseudo-inverse of ®.

Show that
PT(®DT — 1) = 0.

Problem 3: Solution to ridge regression. Let ® € RN*4 and s = %@Tq) € R4 Let u > 0.
Consider the optimization problem

f i 1 2 2
minimize Y P + 12 a15.
gcRY N || H ” ||2

Do not make any assumptions about the rank of ® or 3.

(a) Show that

A 1 ~
O = 53+ pl)TIOTY = (OT® + Nul)'@TY = &T(ddT + Nul) ™'Y

is the unique solution to the optimization problem.

(b) Generically, if A € R*™ and B € R™*", then computing AB requires O(¢mn) computa-
tion. If C € R™*" is invertible, computing C~! requires O(n?) computation. What are the
computational costs of directly computing (®T® + Nul) " '®TY and ®T(®PT + Npul)~1Y?

Hint. For (a), use the matrix inversion lemma.



Problem 4: Cocoercivity inequality from L-smoothness. Let F': R? — R be L-smooth convex
with 0 < L < co. Show that

(VF(6) - VEG),0—n) > L [VFO) - VE@)IP,  VéneR’

Problem 5: Strong monotonicity inequality from p-convezity. Let F': R? — R be differentiable
and p-strongly convex with 0 < p < co. Show that

(VE(O) = VF(n),0 —n) = ul6—n|?  Vé,neR™.

Problem 6: Distance to solution = function-value suboptimality. Let 0 < L < oo. Let
F:RY — R be L-smooth convex with minimizer *. Assume we have shown a guarantee
of

16% — 6%[1> < h(k)||6° — %]
for k=0,1,..., where h: N — [0,00). Show that

Lh(k)

F(8%) = (") < =5

16° — 67|

for k=0,1,....

Problem 7: Quadratic objectives only need symmetric matrices. Let
F(0)=0"HO+ b0 + c,
where H € R¥™4 p € R? and ¢ € R. Show that

1
F(0) = 587 (H + HT)f +b70 + c.

Problem 8: Convex quadratic objectives. Let
1
F(0) = §9TH9 + 070 + c,
where H = HT e R4 b € R?, and ¢ € R.

(a) Show that F'() is convex if and only if H > 0.

(b) Show that if H has a negative eigenvalue, then infycpa F'(0) = —oo.

Problem 9: Quadratic objectives in standard form. Let
1
F(0) = QHTH9 + 070 + c,

where H = HT € R%? is strictly positive definite, b € R?, and ¢ € R. Show that there exists
some #* € R% and ¢ € R such that

F(0) = %(9 _ONTH(O — 6%) + .



